Abstract. The two-dimensional time-dependent Schrödinger equation, for a magnetized proton in the presence of a fixed field particle and of a uniform magnetic field is numerically solved. In the relatively high-speed case, the fast-speed proton has the similar behaviors to those of classical ones. However, in the extension of time, the relatively high-speed case shows similar behavior to the low-speed case: the cyclotron radii both in mechanical momentum and position are appreciably decreasing with time. However, the kinetic energy and the potential energy do not show appreciable changes. This is because of the increasing variances, i.e. uncertainty, both in momentum and position. The increment in variance of momentum corresponds to the decrement in the magnitude of mechanical momentum in a classical sense: Part of energy is transferred from the directional (classical kinetic) energy to the uncertainty (quantum mechanical zero-point) energy.
Introduction
Quantum mechanical application for charged particle is gaining attention by many researchers recently [1] [2] [3] . One of the interesting charged particle studies is conducted by Jüngel et al. [4] [5] , which showed the transient of quantum drift-diffusion equations using quasi-neutral limit for charged particle. However, later on, not much study is done on the quantum mechanical expansion study in fusion plasmas. In this paper, quantum mechanical expansion of a charged particle is investigated.
In Ref. [6] , it is shown that the quantum mechanical variance in position may reach the square of the interparticle separation in a time interval of the order of 10 -4 sec for typical magnetically confined fusion plasmas with a number density of 20 10 n m -3 and a temperature of ~10 T keV. After this time the wavefunctions of neighboring particles would overlap, as a result the conventional classical analysis may lose its validity. Plasmas may behave like extremely-low-density liquids, not gases, since the size of each particle is of the same order of the interparticle separation.
In Refs. [7] [8] [9] , the authors have also shown that for distant encounters in typical fusion plasmas of a temperature ~10 T keV and 20 3 10 m n   , the average potential energy ~30 U meV is as small as the uncertainty in energy~40 E  meV, and for a magnetic field ~3 B T, the spatial size of the wavefunction in the plane perpendicular to the magnetic field is as large as the magnetic length In this paper, two types of fixed field particle, positive and negative charges, are considered, which create a scalar potential on a proton. In section 2, the quantum mechanical expansion of a proton due to repulsive force is shown. In section 3, attractive force case is shown. Section 4 summarizes the study.
Schrödinger equation
In this paper, the two-dimensional Schrödinger equation for a wavefunction  at position r and time t is solved,
where V and A stand for the scalar and vector potentials, m and q the mass and electric charge of the particle under consideration, i1  the imaginary unit, and /2 h   the reduced Planck constant. The initial condition for wavefunction at 0  rr with 0 r being the initial center of ,  is given by
where the magnetic length B  is the initial standard deviation, and
is the initial wavenumber vector. Here 0 v is the initial velocity of the corresponding classical particle and
Successive over relaxation (SOR) scheme for time integration is adopted in this calculation. The spatial discretization for the two-dimensional finite difference method (FDM) needs to be sufficiently small to satisfy
where 0  is the de Broglie wavelength. Calculation is done on a GPU [10] [11] [12] [13] (Nvidia GTX-580: 512cores/3GB @1.54GHz), using CUDA [14, 15] .
In the absence of the field particle, the time dependent operator for position 
 ĉos
where
is the cyclotron frequency, ˆi xx P    is the x-component of the momentum operator and ˆi yy P    is the y-component of the momentum operator. However, in the presence of a field particle, the time dependent operator and its expectation value of the position of the particle is difficult to be derived. In this paper, the expectation value of the position of the particle in the presence of a field particle is numerically shown, in which the uncertainty of particle tends to expand and eventually becomes almost uniformly distributed along the classical cyclotron orbit.
Electrostatic potential due to a field particle
Here the field particle is a quantum-mechanical particle, whose center is assumed to be at the origin with the wavefunction f  similar to that given in Eq. (2), but is fixed in space and time, as   V in the xy  plane, due to the distributed charge is given by
where 22 R x y  , f q is an electric charge of the field particle, 0  is the vacuum permittivity, and
 
KM is the complete elliptic integral of the first kind with the parameter M being defined as [16] . In the case of large distance B R  from the field particle, the electrostatic potential in Eq. (7) will become classical electrostatic potential,
q .
Errors in numerical calculations
In this numerical calculation, the normalized initial speed in the range of
, which is much slower than the thermal speed of fusion plasmas, is used here due to the numerical reason. The restriction on numerical grid sizes x  and y  in Eq. (3) has demanded a lot of computer memory for a fast particle. The required grid sizes need to be much smaller than the de Broglie wavelength and inversely proportional to the particle speed. In fusion plasmas, these combinations of initial speed range 0 v and electric charge 5 f 2 10 qe   have the similar potential-to-kinetic-energy ratio. The accuracy of the calculation is shown in Fig. 1 , in which the energy is conserved as much as 9 digits by comparing the errors to the normalized initial energy 50 .254 E  for 0 10  v , 13 .458 E  for 0 5  v , and 3 .892 E  for 0 1  v . 
Case 1: Repulsive Force
In these numerical calculations, the parameters is normalized as; mass of the particle , initially the probability distribution function (PDF) is a circular shape and changes to elongated shape at second gyration. This tendency grows further for each gyration. Eventually at the 40th gyration, the PDF of the particle tends to have almost uniformly distributed along the classical cyclotron orbit, as shown in Fig. 3(b) , in which the width of the distribution is nearly the magnetic length of B qB   .
Expectation values and variances
The time evolution of total energy E K U , kinetic energy . In quantum mechanical point of view, kinetic energy is the sum of directional energy and uncertainty energy. Referring to Fig. 4(a) , for high speed case, 0 10  v the particle shows the similar behavior to the classical one. Only small amount of directional energy is converted to uncertainty energy. However, for the slow particle cases, Fig. 4(b,c) that the directional energy is converted to uncertainty energy after some time. Comparing with the same amount of gyrations, this phenomenon is significant for slower particle cases. Figure 5 shows the time evolution of normalized variance of momentum   , r   rr for high and low speed particle cases. Figure 6 compare the expectation value of mechanical momentum mv and Fig. 7 is the comparison of expectation value of position r for high and low speed particle cases. In the case of high speed particle,
, the trajectory in the phase space , rpis similar to the classical one and the variance in momentum and position oscillate with almost constant amplitudes [10] . However, the trajectories both in the momentum space and position in space are gradually decreasing in respective in cyclotron radii. In the meantime, the variance oscillations show significant increase in variance
In the longer period of evolutions, this phenomena have the similar outcome to the lower speed case,
. It is shown that significant decrement in radii with time for both trajectories in momentum space and the configuration space. At the same time, the variances in momentum and configuration space grow with time and reach saturation. The saturation stage reached when all the directional energy are being converted to uncertainty energy. In the low speed case,
, most of the directional energy is converted to uncertainty energy in the first 10 gyrations. Corresponding to this phenomenon, the variance in momentum and position reach saturation at the same time. However, due to repulsion by field particle, there are large amplitude oscillation in kinetic and potential energy. The particle gyration is not in a fixed orbit as shown in Fig. 7(c) .
The decrements in the magnitude of momentum mv as shown in Fig. 6 correspond to the increment in variance of momentum
as shown in Fig. 5 . As the results of conservation of energy, part of the energy is transferred form directional energy to uncertainty or the zero-point energy. 
Case 2: Attractive Force
In the previous section, the study on quantum mechanical expansion for a proton which gyrates around a fixed positive charge is discussed. It is interesting to note that for repulsive force the radii of gyration decrease with gyration cycle due to directional energy conversion to uncertainty energy. In this section, further study is conducted for a proton which gyrates around a fixed negative charge which creating an attractive force. In Fig. 8 , the time evolution of normalized energy for 40 gyrations is shown. The energy conversion due to the negative field particle (attractive force) is shown in Fig. 8 , while the positive charged field particle case (repulsive force) was shown in Fig. 4 . It is shown that the quantum mechanical expansion of a particle has similar behaviors for both attractive and repulsive force cases. However, in the comparison with the same 40 gyrations cycle time between attractive force case and repulsive force case, the attractive force case shows faster conversion of directional energy to uncertainty energy.
Summary
The two-dimensional time-dependent Schrödinger equation for a magnetized proton in the presence of a fixed positive or negative field particle in the presence a uniform magnetic field is solved in this paper. In the relatively high-speed case of 0 do not show appreciable changes except for a small amplitude oscillation in high speed case, because of the increasing variances, i.e. uncertainty, both in momentum and position.
The increment in variance of momentum 2 P   corresponds to the decrement in the magnitude of momentum mv : Part of energy is transferred from the directional (classical kinetic) energy to the uncertainty (quantum mechanical zero-point) energy. Such an energy conversion is faster for attractive force case, e.g. electron-proton interaction, than the repulsive force case. For example, the quantum mechanical particle energy conversion in magnetically confined plasmas reduces the electron kinetic or mechanical speed, leading to the reduction in the relative speeds to ions including protons, deuterons and tritons. This should result in the enhanced recombination rate of an electron with a proton or its isotopes to form a hydrogen atom which is electrically neutral and is free to escape from the confining magnetic field. In summary, quantum-mechanical analyses are necessary even for fast charged particles as long as their long time behavior is concerned in the presence of a magnetic field.
